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LINEAR SYSTEMS OF CONICS IN PG(2, q):

Non-empty conics in PG(2, ¢):

Linear systems of conics := Subspaces(PG(2-forms in the projective plane)):
» a pencil of conic P = (C4, Cb).
» anet of conics N = (C1, Ca, Cs).
» a web of conics W = (C1, C2,C3,Cly).
» asquab of conics W = (C1, Ca, C3,C4, Cs5).

Base points := m C;.
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PGL(3, ¢)-ORBITS OF LINEAR SYSTEMS OF CONICS

Purely algebraic approach:

» [Dickson, 1908]: pencils of conics over F, g odd.

» [Wilson, 1914]: nets with at least a // over Fy, g odd (Partial).
» [Campbell, 1927]: pencils of conics over [Fy, g even (Partial).
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[Campbell, 1928]: nets of conics over [F, g even (Partial).

Algebraic-geometric-combinatorial approach:

> [A., Lavrauw and Popiel, 2022]: pencils of conics over [y, g even.

» [Lavrauw, Popiel, Sheekey, 2020], [A. and Lavrauw, 2023]: non-empty base
nets of conics for all g.

» [A. and Lavrauw, 2024] : webs and squabs of conics for all g.



OPEN PROBLEM

o)

Classification of nets of conics in PG(2, ¢) with an empty base.

Connection:

» Tensors in Fg ® Fz ® Fg.

» F,-linear symmetric rank-distance codes in M3yx3(Fg).

Main Theorem:
# of PGL(3, ¢)-orbits of nets with at least one // is 18, g even.
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LINEAR SYSTEMS AND SUBSPACES OF PG(5,q)

v

vVvyvyy

The Veronese surface V(Fy) is the image of the Veronese embedding
v:(xo,x1,x2) — (a:g,moail,wowg,xf,wlxz,xg).

C = Z(a00Xg + a01 X0 X1 + a02 X0 X2 4+ a11 X7 + @12 X1 X2 + a22X3)

<= Hlaoo, ao1, aoz, a11, aiz, az2] N V(Fy).

K := Subgroup of PGL(6, g) stabilising V(F,).

PGL(3, ¢)-orbits of linear systems <= K-orbits of subspaces of PG(5, q).

pencils of conic in PG(2, ¢) <= solids in PG(5, q).
nets of conics in PG(2,q) <= planes in PG(5, q).
webs of conics in PG(2, ¢) <= lines in PG(5, q).
squabs of conics in PG(2,¢) <= points in PG(5, q).
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REPRESENTATION OF SUBSPACES OF PG(5, ¢)

PG(5,q) = (V(Fg)).
Every point P = (o, .., z5) € PG(5, ¢) can be represented by

o X1 X2
Mp = |21 x3 x4
X2 T4 x5
rank(P) = rank(Mp).
The plane in PG(5, ¢) spanned by the first three points of the standard frame is

T Yy =z T Yy =z
|fl . 1 = { |fl 0 0] :(z,y,2,t) € F;; (z,y,2) #(0,0,0)}.
z - z 0 0

The cubic curve associated with a plane 7 is

C = Z(determinant of its matrix representation).
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ORBITS INVARIANTS:

Let W be a subspace of PG(5, q).
Let Uy, Us,...,Ur, denote the distinct K -orbits of r-spaces in PG(5, q).

The r-space orbit-distribution of IV:

OD, (W) := [u1,u2, ..., Um],

where

u; = # of r-spaces incident with W which belong to the orbit U;.
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POINTS AND HYPERPLANES OF PG(5, q)

K-orbits of points; q even:

P1 := Rank-one points.
‘P2, := Rank-two points in the nucleus plane.

P2,s := Rank-two points outside the nucleus plane.

vvyVvVvyy

‘P3 := Rank-three points.

K-orbits of Hyperplanes:

» H.:={ Hyperplanes <= repeated lines in PG(2, q)}.

» H, ,:={ Hyperplanes <> pairs of real lines in PG(2, ¢)}.

» 7 ;:={ Hyperplanes <= pairs of conjugate imaginary lines in PG(2, ¢*)}.
» Has:= { Hyperplanes <= non-singular conics in PG(2, ¢)}.

8/17



NETS OF CONICS WITH AT LEAST ONE DOUBLE LINE

even vs odd:

» qodd: 3 a polarity: the set of conic planes of V(Fq) — the set of tangent
planes of V(Fy).
> NZ <01,CQ,C3>;01 : // —
T=H NHyNHs w)
= (P1, P2, P3); P € V(Fq) —
nets with at least one // <= planes meeting V(IF;) non-trivially
<= nets with a non-empty base.

» +# PGL(3, ¢)-orbits of nets with at least one // (rank-1 nets) = 15.
[Lavrauw, Popiel, Sheekey, 2020]
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NETS OF CONICS WITH AT LEAST ONE DOUBLE LINE

even vs odd:

» qodd: 3 a polarity: the set of conic planes of V(Fq) — the set of tangent
planes of V(Fy).
> N = <01,C2,C3>;01 = // —
T=H NHyNHs w)
= <P1,P2,P3>; P e V(Fq) —
nets with at least one // <= planes meeting V(IF;) non-trivially
<= nets with a non-empty base.

» 4 PGL(3, ¢)-orbits of nets with at least one // (rank-1 nets) = 15.
[Lavrauw, Popiel, Sheekey, 2020]

» q even: No such polarity. Further, in [A. and Lavrauw, 2023]:
» nets with at least one // <%~ planes meeting V(F,) non-trivially
<= nets with a non-empty base.
» # PGL(3, g)-orbits of nets with a non-empty base = 15.
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7’27771(71_) = hl(ﬂ')

Theorem:

The number of hyperplanes in 1 containing a plane 7 in PG(5, ¢), ¢ > 4 even, is
equal to |7 N 7ar|.

Proof.

> wn C H e H.
» Ifryn(m) =0, then hi(m) = 0, otherwise |7 N war| > 1.

» Ifryn(m) = ¢+ 1withw = (¢, P), £ C mar, P ¢ mar of rank 1, 2, 3, then by
[A. and Lavrauw, 2024], P lieson ¢ + 1 H € H;1, and since ¢ C H for all
such H, we get hi(w) = ¢+ 1.
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» For 7 with 7 N mn = {P}, we have hy (7) < 1, since
mC Hi,H: € H1 — m,nn C Hi N Ha — %,

» Count flags (w, H) with m N7 = {P}, H € H.
> a=#of T CHEHi|mNay| =1
B =4#of 7 C PG(5,q); |m Nmn| = 1.

o= [g]q—(qul) (E’]—l) -1,
f] (], )

» m1,...,7p are the planes in PG(5, ¢) which meet 7 in a point:
B
D ha(m) = (¢ +q+ .
i=1

» Since hi(m;) < 1, we conclude hq(7) = 1 for all = with
TNy = {P} O



STUDY STRUCTURE

» TNV(F,) # 0and w N mwa # O: 9 orbits [A. and Lavrauw, 2023].
» 71NV(Fy) =0and m Nwar # 0: 9 orbits:

Theorem:

Let 7 be a plane in PG(5, ¢) such that 7 N V(Fy) = @ and 7 N war # (. Then, one
of the following cases holds:
1. m=mn,
2. N7 =F¢ € 012,1.
This defines two K -orbits of planes with ODy(m) = [0, ¢ + 1,0, ¢°] or
ODo(m) = [0,q+1,4,4° — g,
3. mNay = P.
This defines
(a) one K-orbit of planes with O Dy () = [0, 1,0, ¢* + ¢,
(b) one K-orbit with ODo(7) = [0,1, 3¢, ¢*> — 2¢],
(c) two K-orbits with ODg () = [0, 1, ¢, ¢°], and
(d) two K-orbits with ODo(7) = [0,1,2¢, ¢* — q].



TNV, =0AND T N7y =P

Ideas of the proof:

v

ron(m) = hi(r) » 3 H(w) € Hi; H(w) D .
> 3 H(P) € Hi; H(P) N V(F,) = C(P).

» Theorem: If 7 N V(Fy) = 0 and 7 N war = P with H(P) = H(w), then
7 € Y18 U T1g U Eoo, with ODo(E18) = [0,1,0,4* + g,
ODo(Z19) = [0,1,3¢,¢° — 2q], and ODo(320) = [0,1, 4, ¢*].

» Theorem: If 7 N V(F,) = @ and 7 N wnr = P, with H(P) # H(x), then
T € o1 U Xog U Xas, with OD0(221) = [0, 1, 2q, q2 = q],
ODy(X22) = [0,1, ¢, ¢*] and ODo(Z23) = [0,1,2q, ¢> — q].

Core aspects of the classification:

> Existence.
» Uniqueness.

» Combinatorial-geometric invariant—based identification.
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¥ ODy(r) % Representatives ODg(w)
r oy Lz oy

) y oz . lg+1,1,4° —1,0] T r . oz [0,q* + g+ 1,0,0]

y =

z . 2 -z oz

B3 Loy 2,1,2¢—2,4" —q] Ths T oz oy [0,g+1,0,4%]
ER E
x z - ozoy

£ Ly oz [2,1,2¢—2,4° —q]  Eur w2 [0,¢+1,9,4° —q
z z y z
T oy z Ty z

o ¥y . [Lg+1,4* —1,0] p y ez ztz [0,1,0,4* + g
z z x4z .
T oy . Ty .

s v . oz Lg+lg—1l,¢"—q Zw v ¥tz z [0,1,3g, 4% — 2q]
.oz . .z =
T oy . P 3 b

By y oz z [1,1,2g— 14" —q] Ea |y extytz =z (0,1, 9,47
.z br z x
Ty T T+az

p1) y oz . 1,1,2¢—1,¢° —q] En x4+ az z v [0,1,2q.4% — g
..oz - v

Ty . x x4z z
Tn |y oz oz 1,1,g— 1,47 oz T4z oz oy (0.1, 4,47
z r+z z y .

Ty = T az =

Tis ¥y oz . (1,1,q— 1,47 By az oz oy [0,1,2¢,4° —q]
z . Ty

Table 1: K-orbits of planes in PG(5, g) intersecting mp in at least one point and their point-orbit
distributions for q > 2 even. The parameter ¢ in Xy is a non-admissible element in F, such that
Te(e ') = Tr(1). The parameters in Ty satisly b #£ 1 and Tr (¢/(1 +0%)) = L. The parameter a in
Sy and Yy satisfies Tr(a) = 1.
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FINAL COMMENTS

» (o is the union of a line and an imaginary pair of lines, Ca2 is irreducible, C21
is the union of a line and a double line, and Cz3 is the union of a non-singular
conic with its tangent line.
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» (o is the union of a line and an imaginary pair of lines, Ca2 is irreducible, C21
is the union of a line and a double line, and Cz3 is the union of a non-singular
conic with its tangent line.

» Our work completes the partial classification of nets of conics with at least one
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FINAL COMMENTS

» (o is the union of a line and an imaginary pair of lines, Ca2 is irreducible, C21
is the union of a line and a double line, and Ca3 is the union of a non-singular
conic with its tangent line.

» Our work completes the partial classification of nets of conics with at least one
double line in [Campbell, 1928].

» Definition: An F,-linear code of min. distance d is complete if not contained
in a larger [Fy-linear code with the same d.

» CSRD: complete symmetric rank-distance.

» Geometric Interpretation: A k-dimensional CSRD code in M3yx3(F,) of
minimum distance d <= a (k — 1)-dimensional subspace of PG(5, ¢) of
minimum rank d that is maximal for this property.
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FINAL COMMENTS

» (o is the union of a line and an imaginary pair of lines, Ca2 is irreducible, C21
is the union of a line and a double line, and Ca3 is the union of a non-singular
conic with its tangent line.

» Our work completes the partial classification of nets of conics with at least one
double line in [Campbell, 1928].

» Definition: An F,-linear code of min. distance d is complete if not contained
in a larger [Fy-linear code with the same d.

» CSRD: complete symmetric rank-distance.

» Geometric Interpretation: A k-dimensional CSRD code in M3yx3(F,) of
minimum distance d <= a (k — 1)-dimensional subspace of PG(5, ¢) of
minimum rank d that is maximal for this property.

» Planes in Xnr U X16 U X135 correspond to 3-dimensional CSRD in M3y 3(Fg)
with d = 2 and q even.

» Planes in PG(5, q), g even, are extendable to solids of minimum rank 2, except
for those in X U Y16 U 21s.
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Thank you for your attention!
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